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Small-Signal Modeling of HBT’s Using a
Hybrid Optimization/Statistical Technique
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Abstract—A new formulation for extracting the elements of the
small-signal equivalent-circuit model of heterojunction bipolar
transistors (HBT’s) is proposed in this paper. This approach
avoids the main problem of the conventional extraction methods
which, in most cases, is the use of brute-force optimization
techniques to extract a large number of parameters. At the
beginning, this technique first uses the extraction procedure of
a low-frequency HBT model. An analytical formulation that
allows the reduction of the number of the unknowns of the low-
frequency model to only two, which have to be calculated using
a suitable optimization technique, is described. This makes the
optimization problem much easier to handle and increases the
probability for converging to the actual elements of the model,
thus avoiding the converging to spurious solutions. Secondly, in
order to extend the model to higher frequencies, a statistical
approach is proposed to extract parasitic extrinsic elements. An
experimental validation is carried out on three HBT devices and
satisfactory results are obtained up to 30 GHz.

Index Terms—Heterojunction, modeling, semiconductor.

I. INTRODUCTION

M OST OF THE conventional techniques to extract the
small-signal heterostructure bipolar transistor (HBT)

model elements are based in various degrees on numerical
global optimization methods which aim to calculate the val-
ues of these elements by fitting calculated-parameters to
measured ones [1], [2]. However, it is well known that the
main drawback of these techniques is the convergence to
nonphysical element values due to the multiple local solutions
of the optimized objective function. In addition, the obtained
solution for the element’s model may strongly depend on the
initial value guests [3]. Several attempts to overcome this
problem are to perform additional measurements on a set of
extra test circuits to calculate the parasitic elements [4], [5].
The effects of the parasitics are then subtracted out from the
measured -parameters to extract the intrinsic element values.
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Fig. 1. Small-signal HBT model.

This leads to the elimination of any optimization process, but
unfortunately, requires extra testing structures and additional
measurements.

In this paper, we propose a technique which divides the
extraction problem into two parts. First, we consider a low-
frequency model in which capacitance and inductance para-
sitics are neglected [6]. Analytical expressions of all the model
elements are written as functions of two new independent pa-
rameters. The elements of this model are extracted based on a
two-parameter least square optimization technique. Secondly,
in order to extend the validity of the model to microwave
frequencies, the extrinsic inductances and capacitances are
obtained using the variance of the intrinsic elements as a
selection criteria. In fact, taking into account that the element
values of the low-frequency equivalent circuit of the HBT are
valid for high frequency, providing that extrinsic capacitances
and inductances are added, the values of these extrinsic ele-
ments are determined by minimizing the variance of intrinsic
elements over the operating frequency range as the extrinsic
capacitance and inductance values are swept.

In order to evaluate the accuracy and robustness of the
proposed extraction approach, three different-size GaAs HBT
devices are used. The two smallest ones are a single 3m

5 m emitter–finger transistor (HBT1) and a single 2m
20 m emitter–finger transistor (HBT2), while the largest

one is a three 2 m 20 m emitter–finger HBT (HBT3).
Satisfactory results are obtained up to 30 GHz.

II. FORMULATION OF THE PROBLEM

OF THE EXTRACTION TECHNIQUE

A small-signal model of a HBT is shown in Fig. 1. This
model includes both intrinsic and extrinsic elements. At low
frequencies, the capacitances and inductances have insignif-
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icant effects on the behavior of the transistor, therefore, the
HBT model can be reduced to a simplified one delimited by
the dashed box, as shown in Fig. 1. This simplified model will
be called the low-frequency model.

For this low-frequency model, the -matrix can be calcu-
lated from the -parameters measured at low frequencies by
conventional transformation equations.

On the other hand, this -matrix can be expressed as
a function of the intrinsic admittance matrix and extrinsic
resistance matrix as shown below:

(1)

with

(2)

and is the intrinsic -parameter matrix which is related
to the intrinsic equivalent circuit elements by the following
equations:

(3)

(4)

(5)

and

(6)

Equations (3)–(6) can be written in matrix format as follows:

(7)

where and matrices are defined as

(8)

and

(9)

From (1), one can deduce

(10)

Substituting (7) into (10) and by splitting into its real and
imaginary part , we end up with a real matrix
equation system, relating the intrinsic elements to the extrinsic
resistances and the measured-parameters as shown below:

(11)

(12)

This set of equations forms a nonlinear system with eight in-
dependent variables. This system can be solved using iterative
techniques or least square optimization techniques. However,
in order to avoid the convergence to nonphysical solutions,
both of these approaches require good starting initial guesses
(which are difficult to obtain in practice). An alternative

approach consists of reducing the number of unknowns to two.
These new parameters are defined as follows:

(13)

and

(14)

Firstly, to obtain an objective function depending only on these
two parameters, an expression of the emitter resistance
as a function of and will be found, as shown in the
following section. Secondly, by substituting this expression
into (13) and (14), the base and the collector resistances will
be expressed as functions of these new variables. Then, the

-matrix entries become functions only of and and
measured -parameters as follows:

(15)

where is defined by

(16)

and, finally, the expressions of the intrinsic elements as
functions of and can be obtained using measured values
of -parameters and (3)–(6).

At this step, all of the extrinsic and intrinsic elements are
functions only of and . This formulation makes the
optimization problem much easier to handle and increases
the probability for converging to the physical solution of the
model.

III. L OW-FREQUENCY MODELING USING

TWO-PARAMETER OPTIMIZATION TECHNIQUE

The first step of the solving approach is to find the ex-
pression of the emitter resistance as function of and .
Then, remaining series resistances and intrinsic parameters will
be written as functions of and , as described below.

To accomplish the first step, (16) is inserted into (11) and
(12), yielding the following matrix equation:

(17)

with

(18)

and

(19)

The left-to-right-hand side of (17) for the entries of the first
row gives

(20)

and

(21)

By dividing (20) by (21), one can deduce

(22)
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TABLE I
EXTRINSIC RESISTANCES AND INTRINSIC ELEMENT VALUES FOR THE LOW-FREQUENCY MODEL

Fig. 2. The emitter resistanceRe as function ofa1 anda2 (for HBT1).

Equation (22) represents a third-order polynomial of,
which can be solved analytically at any single frequency and
for given values of and using the Cardanian formula
[7]. Usually, only one among the three possible solutions of
this equation is physically meaningful. The remaining have
negative, very high, or even complex values. By sweeping
and , one can generate a surface describing the dependency
of as function of and . It is found that strongly
depends only on and can be modeled by

(23)

where , , and are scalars.
In the case of HBT1, the variation of versus and

is shown in Fig. 2. The fitting of this surface with (23) gives
, , and .

Fig. 3. Influence ofa1 anda2 on gm (for HBT1).

Furthermore, as expected, it was found thatdependency
is almost constant over the frequency bandwidth.

By substituting (23) into the expressions of , and
into the intrinsic elements expressions all the low-frequency
model elements can be written as functions only ofand

. Fig. 3 shows the evolution of as function of and
for HBT1.

At this step, low-frequency -parameters can be calculated
as functions of and . The values of and can be
obtained by performing a least-square optimization method to
fit the measured and calculated-parameters. The solution
obtained for and allows one to calculate all of the
low-frequency model-element values.

Table I shows the values of the intrinsic elements and
the extrinsic resistances calculated for the three HBT’s at a
frequency of 3 GHz and given bias points.
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Fig. 4. Frequency dependency ofC
be

with L
b

as parameter, the remaining
extrinsic elements are fixed at values shown in Table II (for HBT1). (a)
L
b
= 0 pH. (b) L

b
= 20 pH. (c) L

b
= 40 pH. (d) L

b
= 60 pH. (e)

L
b
= 80 pH. (f) L

b
= 120 pH.

Fig. 5. Frequency dependency ofgm with L
b

as parameter, the remaining
extrinsic elements are fixed at the values shown in Table II (for HBT2). (a)
L
b
= 0 pH. (b) L

b
= 20 pH. (c) L

b
= 40 pH. (d) L

b
= 60 pH, (e)

L
b
= 80 pH. (f) L

b
= 120 pH.

IV. EXTRACTION OF THE CAPACITANCE AND INDUCTANCE

PARASITICS USING STATISTICAL TECHNIQUE

At microwave frequencies, intrinsic elements will behave
as functions of the extrinsic elements as well as frequency,
depending on the fact that parasitic effects are more and more
significant at higher frequencies. Fig. 4 shows the frequency
characteristics of and Fig. 5 shows the frequency charac-
teristics of , HBT1, and HBT2, respectively, while extrinsic
elements are swept as parameters. To determine the values of
the extrinsic elements, we take into account that the equivalent
circuit has to be valid over the whole operating frequency
range. Parasitic capacitances and inductances are determined
by minimizing the error function that represents the variance
of the intrinsic elements around the obtained low-frequency

Fig. 6. Frequency dependency ofC
be

with the optimum extrinsic parameters
(for HBT1).

Fig. 7. Algorithm of the extraction technique.

values and is given by the following equation:

(24)

where denotes the average over the frequency
range of the th intrinsic element varying as a function of
frequency and extrinsic elements , and are low-
frequency intrinsic element values obtained previously.



296 IEEE TRANSACTIONS ON MICROWAVE THEORY AND TECHNIQUES, VOL. 46, NO. 3, MARCH 1998

Fig. 8. Comparison of measured (solid line) and calculated (dotted line)S-parameters (for HBT1).a(Sij) denotes the amplitude ofSij and p(Sij)
denotes the phase ofSij .

Fig. 9. Comparison of measured (solid line) and calculated (dotted line)S-parameters (for HBT2).a(Sij) denotes the amplitude ofSij and p(Sij)
denotes the phase ofSij .

Fig. 6 shows the frequency characteristic of at the
optimal values of the extrinsic elements found above for
HBT1.

Moreover, in order to refine the model, one could use a
global least square optimization technique with an objective
function defined as

(25)

where and are measured and calculated-
parameters, respectively.

In this minimization only, parasitic capacitances and induc-
tances are swept. The refined values are within approximately
5% of those obtained after satisfying the first criteria. Final
values are given in Table II for the three HBT’s.

Fig. 7 shows the algorithm implemented for the complete
extraction technique. The code developed based on this algo-
rithm has been used for modeling three different size HBT’s
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TABLE II
EXTRINSIC CAPACITANCES AND INDUCTANCES FOR THEHIGH-FREQUENCY MODEL

Fig. 10. Comparison of measured (solid line) and calculated (dotted line)S-parameters (for HBT3).a(Sij) denotes the amplitude ofSij and p(Sij)
denotes the phase ofSij .

manufactured at different foundries. The obtained values for
the three HBT high-frequency models are given in Tables I and
II. Comparison between measured and calculated-parameters
are shown in Figs. 8–10 for a frequency range of 1–30 GHz.
The good agreement between the measured and calculated-
parameters for the three different emitter-size HBT’s prove the
validity of the extraction approach proposed in this paper.

V. CONCLUSION

A hybrid optimization/statistical technique for the HBT
model extraction problem is proposed in this paper. This
approach consists of expressing all of the low-frequency model
elements as function of only two independent variables. An
optimization technique is then performed to achieve the best
fitting between the calculated and the measured-parameters.
The values obtained for and are used to calculate all the

extrinsic and intrinsic elements of the simplified low-frequency
model.

In order to extend the validity of the model to higher
frequencies, parasitic capacitances and inductances are added.
Their values are calculated by minimizing the variance of the
intrinsic elements over the frequency range.

The main advantages of this technique are as follows.

1) The subdivision of the model extraction approach into
two main steps, low-frequency modeling and then high-
frequency modeling, permits one to reduce the number
of elements to be determined at each step; hence, in-
creasing the probability of obtaining a more accurate
and robust model.

2) The expressions of all the intrinsic and extrinsic low-
frequency elements as functions of only two parameters
make the optimization problem much easier to handle
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and avoids the convergence to nonphysical solutions.
The choice of and as a ratio of resistances
allows them to vary into a small range and, thus, the
determination of their initial values becomes noncritical
for the optimization.

3) The extraction of extrinsic capacitances and inductances
is achieved without using any additional passive test
structures or specific measurements on the active device.
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